CALCULUS / DEMO NOTES

The product rule

When both factors change, the derivative has a contribution from each one.

1 / Derivation from small changes

Let h(x) = u(x)v(x), with u and v differentiable at x. For a nonzero change Ax, write Au =
u(x + Ax) - u(x), and similarly for Av.

Ah = (u + Au)(v + Av) — uv
Ah=ulAv+ vAu+ Aulv

Divide by Ax and take the limit as Ax approaches zero:

Ah _ | Av u Au
H—UH+VAE+HAV

The last term tends to zero: Au/Ax tends to u’(x), while Av tends to zero. Therefore:

h'(x) = u(x)v'(x) + v(x)u’(x)

2 /| Example: x? times sine
h(x) = x?%sin x

h'(x) = x2cos x + 2xsin x
The first term keeps x? and differentiates sin x. The second keeps sin x and differentiates

X2,

Check your work

The derivative of a product is generally not the product of the derivatives. Include both
contributions.
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